Abstract. If G is a group and H is a subgroup of G, we write O G ðHÞ for the lattice of overgroups of H in G.
Introduction
If G is a group and H is a subgroup of G, we write O G ðHÞ for the lattice of overgroups of H in G. If G is finite, such a lattice is called a finite group interval lattice. The following question has received a lot of attention during the last 25 years:
Question. Is every finite lattice isomorphic to a finite group interval lattice?
The following theorem proved by Palfy and Pudlak in [13] provides motivation from the study of congruence lattices of finite algebras.
Theorem. The following are equivalent:
(1) the Question has a positive answer;
(2) every finite lattice is isomorphic to the congruence lattice of a finite algebra.
For a discussion of congruence lattices of algebras, see [8] .
There are results in the literature which reduce the Question for two classes of lattices to the class of almost simple groups, together with some related questions for almost simple groups. We next describe these two classes of lattices.
For n A N, let M n denote the lattice of size n þ 2 in which every element that is not the greatest or the smallest is maximal. Call such a lattice an M-lattice.
Now it is known that the set S of natural numbers n for which M n is isomorphic to a finite group interval lattice is infinite, but it is conjectured that S is relatively small. If this conjecture is true, then the class of M-lattices would provide a class of counterexamples to the Question. In [3] , a reduction is given to the almost simple case for M-lattices, plus some related questions for almost simple groups.
Let L be a finite lattice. Then L has a least element 0 and a greatest element y. We denote the set L À f0; yg by L 0 . We say that L is connected if the graph (L 0 , c or d) is connected.
Let DðnÞ denote the lattice of subsets of an n-set. We say that a lattice L is a DDðm 1 ; . . . ; m t Þ-lattice for t > 1 and m i > 2 if L has t connected components, L 1 ; . . . ; L t , and L i G Dðm i Þ 0 for all i. In [2] , the Question for the class of DDðm 1 ; . . . ; m t Þ-lattices is reduced to the case of almost simple groups, plus the non-existence of the so-called 'signalizer lattices' in almost simple groups, isomorphic to DDðm 1 ; . . . ; m t Þ-lattices.
The alternating and symmetric groups are almost simple, and are the obvious first test case for analyzing the Question.
Let L be a finite lattice of size greater than 2. Then we say that L is an I -lattice if for every maximal element x A L 0 , there is a maximal element y A L 0 such that x5 y ¼ 0.
Note that disconnected lattices are I -lattices, so in particular M-lattices and DDðm 1 ; . . . ; m t Þ-lattices are I -lattices. Therefore, the class of I -lattices represents a convenient domain in which one can simultaneously analyze M-lattices and DDðm 1 ; . . . ; m t Þ-lattices.
The depth of a subgroup H of a finite group G is the length of the longest chain in O G ðHÞ.
The following theorem and corollary were proved by Aschbacher in [2] .
Theorem. Let I be the set of I -lattices L such that L G O G ðHÞ for some alternating or symmetric group G of finite non-prime degree, and some primitive subgroup H of G. Then I is small and can be enumerated. In particular, I contains no DDðm 1 ; . . . ; m t Þ-lattice and only one M-lattice.
Corollary. Let G be an alternating or symmetric group of finite non-prime degree, and H a primitive subgroup of G of depth 2. Then H is contained in at most two maximal subgroups of G.
Thus to complete the picture, one must analyze lattices of the form O G ðHÞ, where G is a symmetric or alternating group of prime degree. This is done in this paper; the main results are the following (see Theorems 6.8, 6.9, Lemma 7.12 and Theorem 7.14): Theorem 1. The set of I -lattices that are isomorphic to O S ðHÞ, where S is a symmetric group of prime degree and H c S, is small and can be enumerated. (1) there exists a set W of prime order, a group G A fSymðWÞ; AltðWÞg, and a subgroup H c G such that O G ðHÞ G M n ;
(2) n A f1; 2; 3; 4; 5; 7; 11g.
Corollary 4. Let G be an alternating or symmetric group of prime degree, and M a subgroup of G of depth 2. Then M is contained in exactly 1, 2, 3, 4, 5, 7 or 11 maximal subgroups of G.
Let W be a finite set, let l ¼ jWj, and let S ¼ SymðWÞ and A ¼ AltðWÞ. This notation will be in force throughout the paper.
Lattice-theoretic preliminaries
Given two finite lattices L 1 and L 2 , write L 1 Ã L 2 for the lattice L such that the poset L 0 is the disjoint union of the posets L 0 1 and L 0 2 . LetL L 1 denote the lattice obtained by adjoining a greatest element above L 1 . For n A N, write T n for the tower of size n þ 2, and write XðnÞ for the overgroup lattice of the subgroup generated by an n-cycle in S n .
Partitions and the symmetric group
Let G A fA; Sg. Let S be the lattice of all subgroups of S. For H c S acting on X J W, let H X be the subgroup of SymðX Þ induced by H. Let P be the lattice of partitions of W, where for P; Q A P, we write P c Q if and only if each block of P is a union of blocks of Q. For S A P, let
Define the type of S to be the sequence a k 1 1 ; . . . ; a k n n , where a 1 > Á Á Á > a n and S has exactly k i blocks of size a i .
For non-empty proper subsets B and C of W, let N G ðBÞ ¼ fg 
Intersections of set stabilizers
We retain the notation of Section 3. In particular, G A fA; Sg. Assume that l > 4. Let q 0 B, C H W and suppose that B B fC; Cg.
Proof. The result comes from [11, Lemma 3.1] , but the proof is easy. r
(2) Let Q S ¼ P and let Q A ¼ fQ A P : Q is not of type 2; 1 lÀ2 g. Then C G is injective on Q G and a dual map of posets.
Proof. (1) Each block of P 1 is a union of blocks of P 2 , and so C G ðP 2 Þ c C G ðP 1 Þ.
(2) For Q A Q G , the orbits of C G ðQÞ on W are the blocks of Q, so C G is injective on Q G . r 
Proof. First note that jPj ¼ 3 or 4. As H ¼ C G ðPÞ by Lemma 4.1, it follows that ð * Þ if M is a maximal transitive but imprimitive member of O G ðHÞ, then for some block D of P; H < N M ðDÞ. Therefore by ð * Þ, ð *** Þ the subposet consisting of the imprimitive members of O G ðHÞ 0 is connected. Now if P does not have a block of size greater than 2, then using ð *** Þ and a knowledge of the primitive permutation groups of degree at most 8, one may verify directly that (a) holds. Hence we may assume that P has a block of size at least 3, so by Lemma 3.1, H has a 3-cycle and hence O G ðHÞ 0 has no primitive members. Therefore, by ð *** Þ, (a) holds, so it remains to prove (b).
Suppose that l is prime and that G ¼ S. Then H ¼ C S ðPÞ contains a transposition, so by Lemma 3.1, each member of O S ðHÞ 0 is intransitive. Therefore by ð ** Þ, for each block D of P, there is no maximal member M of O S ðHÞ such that N M ðDÞ ¼ H, so (b) holds.
(2), (3) and (4) If jPj ¼ 4, then (2) , (3) and (4) hold by (1) . Therefore, we may assume that jPj ¼ 3. Let P ¼ fX 1 ; X 2 ; X 3 g. Now H acts transitively on each member of P, and hence (II) jX j j 0 jX k j and H is maximal in N G ðX i Þ.
Subgroup lattices of alternating and symmetric groups
To prove this we note that C G ðX j U X k Þ is the kernel of the action of (4) If P is of type 2 2 , 1 and G ¼ A, then jHj ¼ 2 and using (ii), it is not hard to show that (a) holds. Therefore, we assume that this is not the case, so that H contains a 3-cycle and hence by Lemma 3.1, every member of O G ðHÞ 0 is intransitive. Then as l is prime, P must have a pair of members with distinct orders, so by (i) and (ii), (b) holds.
(2) Suppose that O G ðHÞ G M n . Then by ð * Þ, O G ðHÞ does not have any transitive but imprimitive members. If P does not have a block of size greater than 2, then using (4) and a knowledge of the subgroups of A 6 , one may show that O G ðHÞ is not an M-lattice, a contradiction. Therefore, P has a block of size greater than 2, so that H contains a 3-cycle and hence O G ðHÞ 0 has no primitive members. Therefore, each member of O G ðHÞ 0 is intransitive, so (2) holds by (i). r
Transitive actions of prime degree
Lemma 5.1. Assume that l ¼ p is prime and let G be a non-abelian simple subgroup of S. Then G is isomorphic to exactly one of the following groups and S is transitive on its transitive subgroups isomorphic to G: Proof. See [14] . r 
This contradicts the fact that ad > a þ d as a > 1. Therefore, m is a power of d. r Proof. This is straightforward. r Lemma 5.5. Assume that l is prime. Let H < G c S be almost simple with A G G. Then socðGÞ ¼ socðHÞ unless p ¼ 11, H G PSL 2 ð11Þ and G G M 11 .
Proof. See [12] in conjunction with Lemma 5.1. r Lemma 5.6. Let V be a finite-dimensional vector space over a finite field. Assume that W is the set of points of PGðV Þ. Let L ¼ PSLðV Þ and let G ¼ PGLðV Þ. Then Now note that (2) follows from (1) and the fact that L is characteristic in G. r
For the remainder of the section, assume that l ¼ p is prime. 
Proof. This follows from [12, Table I ], and the transitivity statements in Lemma 5.1. r Lemma 5.9. For all transitive subgroups G of S, exactly one of the following holds:
(1) G is a subgroup of an a‰ne subgroup of S;
(2) G is almost simple, and exactly one of the following holds: (1) G G M 11 ; M 23 , or G is projective semilinear;
The overgroup lattice O S (H )
The notation with W, l, S and A and the assumption that l ¼ p > 3 is prime are in force throughout this section and the remainder of the paper.
Lemma 6.1. Let G be an a‰ne subgroup of S. Then every intransitive subgroup of G is cyclic and stabilizes a point.
Proof. Let X c G be intransitive, and let K be the subgroup of G of order p. Then as
so X is cyclic. Also as K is the Frobenius kernel of the Frobenius group G and X G K, X stabilizes a point. r (1) and (2) hold respectively, so we may assume that p ¼ 11.
By [5] In case (I), (1) holds by Lemma 6.5, and in case (II), (1)(a) holds by Lemma 6.6. In case (III), (2) holds by Theorem 4.3, so we may assume that (IV) holds. Then by Lemmas 6.1 and 6.4, we have H ¼ S o V M 2 for some M 2 A M and some o A W. Therefore by Lemma 5.10 and our analysis of case (III), we may assume that H ¼ L o for some a‰ne L c S. Therefore (3) holds, by Lemma 6.7. r Theorem 6.9. For n A N, the following are equivalent:
(1) there exists a set W of prime order and a subgroup H of S ¼ SymðWÞ such that O S ðHÞ G M n ;
(2) 1 c n c 4.
Proof. This follows from Theorem 6.8 and the fact that the lattice of subgroups of S 3 is isomorphic to M 4 . r
The overgroup lattice O A (H )
The notation with W, l ¼ p > 3, A and S is in force throughout this section. As 12! F jMj we have jBj c 2 by Lemma 7. Suppose that (I) holds and q is odd. Then d 0 2, so that d is an odd prime, and hence ðq dÀ1 À 1Þ=ðq À 1Þ is even; and by ð * Þ and (I), we have
and q is prime. Therefore, m ¼ 1 so that i ¼ 0 and
By ð ** Þ, 2d À 1 d qðd À 2Þ. Therefore as q is odd and prime to d 0 2, it follows that that d ¼ 3 and q ¼ 5, and the lemma holds. Now assume that q is even. By ð * Þ and (I), we have d iþ1 j ðq dÀ1 À 1Þ=ðq À 1Þ and qðq dÀ1 À 1Þ=2ðq À 1Þd iþ1 is prime. Hence, either
If (I)(B) holds, then d ¼ 2 as m ¼ 2, and so ðd; qÞ 0 1, a contradiction. Therefore (I)(A) holds, and ð2 dÀ1 À 1Þ=d is prime, so as ðd; qÞ ¼ 1, d is odd and 2 dÀ1 À 1 ¼ ð2 ðdÀ1Þ=2 þ 1Þð2 ðdÀ1Þ=2 À 1Þ is a product of primes. Therefore ðd À 1Þ=2 ¼ 2 and d ¼ 5, so that the lemma holds and hence we may assume that (II) holds.
As
so that d ¼ 3 and the lemma holds. r Lemma 7.6. Let d A N and q ¼ r m be a prime power with If V is a finite-dimensional vector space, and fV i : 1 c i c ng is a set of points of V (i.e. 1-dimensional subspaces of V ), then we say that V 1 ; . . . ; V n are linearly independent (respectively, linearly dependent) if dimð Proof. By Lemma 5.1, G acts on W as on the points of the projective geometry PGðV Þ. Let d ¼ dimðV Þ. By the maximality of H in G we have H ¼ N G ðBÞ for some non-empty set B H W. Let D be the set of points in hBi and let e be the dimension of hBi. Then as H c N G ðDÞ, one of the following holds: By symmetry between B and B, we may assume that ð * Þ B has d linearly independent points.
Suppose that d > 3, and let V 1 , V 2 , V 3 be linearly independent points of B. Then V 1 þ V 2 þ V 3 has at least seven points, so by symmetry between B and B, we may assume that B has four linearly dependent points, say V 4 , V 5 , V 6 , V 7 . As d > 3, by ð * Þ, B has four linearly independent points, say W 1 , W 2 , W 3 , W 4 . As G is projective semilinear, there is no member of G that maps fV 4 ; V 5 ; V 6 ; V 7 g onto fW 1 ; W 2 ; W 3 ; W 4 g; so as H ¼ N G ðBÞ, we have H B 0 SymðBÞ. Therefore by Lemma 7.1, O A ðHÞ is not an M-lattice, a contradiction. Therefore, either
Suppose that (II)(A) holds. If q > 3, then any 2-dimensional subspace has at least six points, so we may assume that B has three linearly dependent points. Therefore, arguing as above, H B 0 SymðBÞ, and so by Lemma 7.1, O A ðHÞ is not an M-lattice, a contradiction. Therefore q c 3. If q ¼ 3, then by (II)(A) we have p ¼ 13 and G G PGL 3 ð3Þ, so that 7! F jGj and hence by Lemma 7.1, O A ðHÞ is not an M-lattice, a contradiction. Therefore q ¼ 2 and by Lemmas 7.8 and 7.9, n ¼ 2 or 3, so we may assume that (II)(B) holds. Thus 
contrary to Lemma 6.3. r Lemma 7.12. For n A N, the following are equivalent:
(1) there exist a set W of prime order and H c A ¼ AltðWÞ such that O A ðHÞ G M n ;
(2) n A f1; 2; 3; 5; 7; 11g.
Proof. The implication (2) ) (1) follows from Lemmas 6.5, 7.3 and 7.6.
(1) ) (2) We may assume that n 0 1 and by Lemmas 7.3 and 7.4, we may assume that p 0 11; 23. Assume that H is contained in an a‰ne subgroup G of S. Then by Lemma 7.11, H is transitive. If p ¼ 7 or 17 then by Lemma 5.8 we have G V A < G < A, so as O A ðHÞ G M n , we have H ¼ G V A. But then (2) holds by Lemma 6.5. Thus we may assume that p 0 7 or 17, and then by Lemma 7.7 we may assume that H is not contained in a projective semilinear group. Therefore by Lemma 5.11, each maximal overgroup of H is a‰ne. Thus n ¼ 1 by Lemma 6.4, a contradiction. Therefore we may assume that H is not contained in any a‰ne subgroup of S. If H is transitive, then as p 0 11; 23, by Lemma 5.9, H contains G G PSL d ðqÞ, and by Lemmas 5.5 and 5.11, N A ðGÞ is the unique maximal overgroup of H, so n ¼ 1, a contradiction. Hence H is intransitive, so as H is not contained in any a‰ne sub-group of S and p 0 11; 23, by Lemma 7.11, either H ¼ N A ðBÞ V N A ðCÞ for some non-empty sets B; C H W such that C B fB; Bg or H is contained in a projective semilinear group of S. Thus Therefore H is contained in an a‰ne subgroup of S, so by Lemma 7.7 we have p ¼ 7 or 17. Thus by Lemma 6.4 we have H c G G PSL 3 ð2Þ or PGL 2 ð16Þ. As H is maximal in G it follows that H ¼ G V A, where G ¼ N S ðHÞ is a‰ne, so (2) holds. r Next we claim that ð ** Þ H has at most two orbits on W.
To prove this, assume that H has more than two orbits on W. Then there exist non-empty sets B; C H W such that B B fC; Cg and H c K ¼ N A ðBÞ V N A ðCÞ. Let P ¼ P B; C . Now by Theorem 4.3, either jPj ¼ 4 and O A ðKÞ is connected, or jPj ¼ 3 and O A ðKÞ is isomorphic to M 3 or M 2 Ã T 2 or M 4 Ã T 2 . The latter three cases do not occur by ð * Þ, so jPj ¼ 4 and O A ðKÞ is connected.
Clearly O A ðKÞ has a member L in its third row, so by ð * Þ, we have O A ðLÞ G M 2 and hence by Lemma 7.13, O A ðKÞ 0 has a transitive member. Therefore, by Lemmas 3.1 and 4.1, either P has type 2, 1 3 and K ¼ C A ðPÞ ¼ 1, or P has type 2 3 , 1 and jKj ¼ 4. Now the former case does not hold, because H < K as O A ðHÞ is not connected. Therefore, P has type 2 3 , 1, jKj ¼ 4, and H < K. If (I) holds, then N A ðBÞ and G 1 ; . . . ; G k n are k n þ 1 > n distinct maximal members of D, a contradiction. Therefore (II) holds. If H is intransitive, then H c G o V A for some o A W by Lemma 6.1, which contradicts ð ** Þ. Therefore H is transitive, which contradicts Lemmas 6.4 and 7.13. r
